We show that the short-range repulsion of nucleon-nucleon interactions can be eliminated by use of the transcorrelated method starting from Jastrow-type wave functions. We derive an energy-independent effective interaction acting on the model wave function. We propose two ways to determine the Jastrow correlation function and examine their utility in systems of two nucleons and two rare-gas atoms interacting via the Morse potential. We show that the minimization of the variance of the local energy can be exploited to optimize the basis set that constitutes the solution of the equation of motion for the model wave function. §1. Introduction A thorough study of nuclear states starting from nucleon-nucleon interactions requires the inclusion of both short-range and long-range correlations. Short-range correlations are due to the highly repulsive core of the nucleon-nucleon potential and play a very important role correctly in reproducing not only binding energies and densities but also the high momentum components of the momentum distribution.
§1. Introduction
A thorough study of nuclear states starting from nucleon-nucleon interactions requires the inclusion of both short-range and long-range correlations. Short-range correlations are due to the highly repulsive core of the nucleon-nucleon potential and play a very important role correctly in reproducing not only binding energies and densities but also the high momentum components of the momentum distribution.
A microscopic description in which both short-and long-range effects are included simultaneously is highly desirable. However, this is obviously very difficult. One reason for this is that, though the most convenient trial wave functions for a many-body system are products of single-particle states with proper symmetrization being taken into account, they are not appropriate to take into account the decrease of the relative motion amplitude at short distances.
Two types of methods have been developed to treat the short-range repulsion. One is the Brueckner G-matrix approach, which uses effective interactions defined in an active model space. 1) The other is to introduce the short-range correlations into the many-body wave function by applying correlation operators. In its simplest case, the correlation operator is replaced by the Jastrow correlation factor. 2) The relationship between the Brueckner and Jastrow approaches was studied in, e.g., Refs. 3) and 4). Wave functions of the Jastrow type have a number of important applications in fields other than nuclear physics as well. 5), 6) Within a variational approach, short-and long-range effects are uncoupled in a factored trial function written as the correlation operator or a factor multiplied by the rest. The former is suited to treat short-range correlations, while the latter, called a model wave function, accounts for long-range effects and is usually taken to keep the required symmetry properties of the nuclear state. A direct method along this line is the variational Monte Carlo method, which has been successfully applied to light nuclei. 7) A calculation using Fermi hypernetted chain theory and a single operator chain approximation has been carried out for heavier nuclei. 8) One of the major complications of this scheme arises from the computational difficulties involved in the calculation of different matrix elements, which are usually approximated using the Monte Carlo sampling technique. It may not be easy in this method to optimize the model wave function by superposing several basis functions.
Recently, a unitary transformation of a particular Hamiltonian has been exploited to derive energy independent effective interactions. 9), 10) Also, the unitary correlation operator method has been formulated to incorporate short-range and tensor correlations. 11) The unitary transformation has the advantage that the Hamiltonian remains Hermitean and the norm of the wave function is preserved. The transformed Hamiltonian, however, contains many-body operators, so one usually truncates the operators to one-and two-body parts of the correlated Hamiltonian. The relationship between the unitary transformation and the similarity transformation is studied in Ref. 12) .
We note that an approach using the state-independent Jastrow correlation and linear state-dependent correlations has been applied by several authors 13)-15) with considerable success. The connection between the pair correlations and the coupled cluster theory 16) is discussed in detail, for example, in Ref. 17) .
In this paper we consider the possibility of making use of the state-independent Jastrow correlation factor to eliminate the short-range repulsion. For this purpose, we use the transcorrelated method proposed long ago by Boys and Handy. 18) This transformation leads to an energy-independent effective interaction which acts on the model wave function. This effective interaction can be used in any shell of nuclei, as it is determined independently of the so-called P and Q spaces that are used in the G-matrix approach. If the original interaction is a two-body interaction, the effective interaction contains up to three-body terms, with no n-body (n > 3) forces. It should be noted, however, that the effective interaction contains non-Hermitean terms. The choice of the interparticle correlation function f (r) may not be unique, but we consider a convenient prescription for eliminating the short-range repulsion. Because the effective Hamiltonian is non-Hermitean, the energy and model wave function cannot be determined using the well-known energy minimization principle. The minimization of the norm of the residue vector or the variance of the local energy can be employed instead.
In §2, the transcorrelated method is used to derive the effective Hamiltonian which acts on the model wave function. In §3 the relationship between the correlation factor f (r) and the repulsive potential to be eliminated is discussed. In §4, two-particle problems with nuclear potentials or Morse potentials are considered to illustrate the properties of f (r) and the model wave function. Section 5 outlines some possible ways to solve the equation of motion for the model wave function. Instead of the energy minimization, the variance of the local energy can be used for this purpose, and its effectiveness is illustrated by a simple example. A summary is given in §6. §2. Transcorrelated Hamiltonian
The transcorrelated method was originally introduced to remove the Coulomb pole 1 r appearing in many-electron problems, 19) and it has been used in quantum chemistry.
We want to solve the Schrödinger equation for many-particle systems with a Hermitean Hamiltonian H, HΨ = EΨ.
Let us write the wave function Ψ as
where F is the central (state-independent) Jastrow correlation factor,
and Φ is the model wave function. The most direct way to apply this correlated wave function is to calculate the expectation value of the energy, 4) and to minimize it by varying f (r) and Φ. In fact, Φ is usually assumed to be a single Slater determinant or the simplest shell-model wave function. The calculation of the expectation value is fairly involved, and it has been carried out using a Monte Carlo method 7) or a cluster expansion technique. 13) Here we employ another approach. That is, we attempt to derive an equation of motion for Φ assuming an appropriate f (r). Because the choice of f (r) should influence the determination of Φ if F Φ is an eigenstate of the Hamiltonian, this seems to be a reasonable step. As the short-range correlation is already taken care of by F , the function Φ is expected to be more easily obtained than Ψ . Assuming that the correlation factor F has an inverse, that is, that f (r) is positive, we can write the eigenvalue problem for the model wave function Φ as
Then, by setting g(r) = logf (r), (2 . 6) the factor F takes the form
where G is a sum of functions depending on the interparticle distances r ij :
The inverse of F is given by F −1 = exp(−G). The transcorrelated Hamiltonian H TC is thus obtained by a similarity transformation of H. Therefore it is not Hermitean.
In fact, H TC † is obtained by changing the sign of the function g(r) in H TC , or,
The Hamiltonian H TC is found to contain only few-body operators, as shown below. Let us assume that the Hamiltonian is given by
where m is the nucleon mass, and T cm is the kinetic energy of the center-of-mass motion. The two-body potential V contains central (c), tensor (t) and spin-orbit (b) interactions:
For simplicity, we ignore both three-body forces and complicated two-body forces, such as the quadratic spin-orbit force, though the inclusion of these forces would not cause any problem. With a direct manipulation, we find that the transcorrelated Hamiltonian H TC takes the form
Note that T cm commutes with F . The term T here contains one-, two-and threebody operators only. Explicitly, we have
where
f (r) , and
with
Here r ij represents r i − r j , and ∇ ij represents 1 2
. Note that the term with κ(r ij ) 2 appearing in t ij comes from the commutator [[T, G], G]. The last term in t ij is not Hermitean.
Among the two-body potentials in Eq. (2 . 10), only the spin-orbit force gives rise to a three-body term. Expressing the spin-orbit potential V b is found to contain a three-body potential in addition to the original spin-orbit potential V b :
is given by
with the anti-Hermitean term
The transcorrelated Hamiltonian H TC does not depend on the function f (r) itself, but on its logarithmic derivative, κ(r). §3.
Choice of the correlation function
The Schrödinger equation (2 . 1) is transformed into Eq. (2 . 5) for the model wave function Φ. To specify the transcorrelated Hamiltonian H TC , we have to choose the function f (r). In quantum chemistry, f (r) is chosen to eliminate the singularity (Coulomb cusp) of the Coulomb potential. This accelerates the convergence of the correlation energies of electrons (see, e.g., Ref. 20)). Our primary purpose is to treat the short-range repulsion using the Jastrow correlation factor. This suggests that the effective two-body forces (2 . 13) appearing in t ij must be chosen to cancel or reduce the effects of the repulsive potential.
Suppose that the two-body central interaction V c (r) can be split into two parts as
where W c (r) contains a strong, short-ranged repulsion, while U c (r) is the rest of the central potential. Here, the potential W c (r) is assumed to be state-independent. It would be nice if we could eliminate W c (r) from the Hamiltonian. For this purpose, we test two ways of choosing κ(r). One way is to determine κ(r) by the condition
which leads to the following solution: 
In this case, for r large enough that W c (r) can be ignored, κ(r) is found to be
with a certain constant c. If W c (r) is finite at r = 0, we find that κ(0) = 0 and
f (r) , Eq. (3 . 4) can be rewritten as an equation for the function f (r):
Thus the correlation function f (r) implied by the condition (3 . 4) is simply a solution of the two-nucleon relative motion with the S-wave and zero energy in the potential W c . The asymptotic form of f (r) is found to be 
Clearly, the repulsive potential W c (r) disappears in H TC . The term in the brackets on the right-hand side of Eq. (3 . 9) is present if κ(r) is determined by Eq. (3 . 2). The first term of T (2) contains the operator r ij ·∇ ij , which is the generator of the dilation operator, exp(ar · ∇)ψ(r) = ψ(e a r), where a is a constant. For this reason, we call the first term a dilation potential in what follows.
As an illustration, we consider a three-dimensional spherical potential barrier of height V 0 (> 0) and radius r 0 :
The condition (3 . 2) leads to 
The corresponding Jastrow correlation function f (r) is given by
with r ≤ r 0 for ρr 0 larger than 4. Figure 2 displays the strength of the dilation potential divided by V 0 ,
κ(r). We find that this quantity becomes stronger and is confined to a narrower region when it is determined by Eq. (3 . 3) .
Even in the case that no apparent short-ranged, repulsive potential exists, the elimination of strong repulsion may be applicable. For example, if an interaction is such that
for otherwise, (3 . 17) and it is sufficiently deep to have a bound state, its eigenfunction may be localized in the potential well and has a very small amplitude in the region 0 ≤ r < r 0 . In fact, this type of potential (in two dimensions) has been used in studies of quantum rings. 21) We may choose the repulsive potential W c (r) as defined by Eq. (3 . 10) and the potential U c (r) as
We consider two-particle systems to illustrate the procedure presented in the previous sections. The aim of this section is to investigate mutual dependence of the correlation function f (r) and the model wave function Φ in simple examples. The first example is a two-nucleon problem, more specifically the ground state of a deuteron. As the two-nucleon interaction, we use the Minnesota (MN), 22) AfnanTang S3 (ATS3) 23) and Tamagaki (G3RS) 24) potentials. Though all of these reproduce the deuteron binding energy accurately, their strengths differ at the origin. The MN and ATS3 potentials contain only a central part, while the G3RS potential contains a tensor potential V t (r) as well. In the triplet even channel, the central potential V c (r) is (in units of MeV and in fm for r) where S 12 is 3(σ 1 ·r)(σ 2 ·r) − σ 1 · σ 2 andr = r/r. The MN potential contains only a weak repulsion, whereas the ATS3 potential contains a considerably strong repulsion. The G3RS potential is a realistic potential which reproduces two-nucleon scattering data fairly well. To determine the function f (r), we choose the repulsive potential W c (r) in three ways. One is to take the repulsive term of the central potential, that is, the first term of Eq. (4 . 1) for each potential. This choice, called CW1, is considered the extreme case in which W c (r) is chosen to be most repulsive. The actual repulsion of the potential is weaker than this, so another choice, called CW2, is considered. In this case, we have W c (r) = V c (r) for r ≤ r 0 and W c (r) = 0 for r > r 0 , where r 0 is the smallest value satisfying V c (r 0 ) = 0. These choices make W c (r) always non-negative. For the case of the G3RS potential, we test a choice (CW3), for which U c (r) = −100.0 e −0.8r 2 MeV, and thus W c (r) = V c (r) − U c (r) contains a weak attractive part beyond r = 0.86 fm. The function f (r) is determined from Eq. (3 . 6) in most cases in the following. For the sake of convenience, we define by CW0 the case with W c (r) = 0 and f (r) = 1. In this case, U c = V c , H TC is identical to the original Hamiltonian H, and the model wave function Φ reduces to the true wave function Ψ .
We have approximated the model wave function Φ in terms of a combination of Gaussians. For example, in the case of the G3RS potential, the deuteron model wave function, consisting of the S and D parts, is assumed as as well as the energy E are determined by the diagonalization of Eq. (2 . 5):
The energy and root mean square (rms) radius are listed in Table I for the MN and ATS3 potentials and in Table II for the G3RS potential. They are compared to those (denoted CW0) obtained with a direct numerical integration of Eq. (2 . 1). The contributions of each term in Eq. (3 . 8) to the energy E = Φ|H TC |Φ are also shown. Table II . The same as in Table I , but for the G3RS potential. 24) The matrix elements are given in the S and D channel representations. The row denoted "CW3 † " lists the result obtained with All choices give the same energy and rms radius, as they should. For both CW1 and CW2, the correlation function f (r) is less than unity. The function f (r) for CW1 is much smaller than that for CW2. This results in larger matrix elements of T (2) . In Table II , the matrix elements of each piece of the Hamiltonian are given in the S-and D-channel representations. For the G3RS potential, the D-state probability P D is also confirmed to be the same for all choices: P S = 0.952 and P D = 0.048. The deuteron quadrupole moment is calculated for all the cases, and it remains unchanged. The calculated quadrupole moment is 0.264 fm 2 , which is to be compared to the experimental value of 0.286 fm 2 . Figure 3 displays f (r) and 2~2 m 1 r κ(r) for the choices CW1 and CW3 of the G3RS potential. It should be noted that the function f (r) for CW3 exceeds unity because of the presence of the attraction in W c (r). The Jastrow correlation function f (r) determined variationally 15) behaves similarly to that obtained using the choice CW3. The choice CW3 gives a smaller matrix element for the T (2) term than that obtained with CW1. The model wave functions Φ corresponding to the choices CW1 and CW3 are shown in Fig. 4 . The S-wave part of the model wave function is peaked at the origin in both cases, indicating that the short-range repulsion is clearly excluded, whereas the S-wave part of Ψ (namely CW0) is damped at the origin. nitudes of the matrix elements are smaller here than for CW3. Though this seems favorable, Φ for the S channel has a dip at r = 0.4 fm. This reflects the behavior of the corresponding function f (r), which exhibits somewhat unexpected behavior there.
It is interesting to inquire how large a contribution the T (3) term defined by Eqs. (2 . 14) and (2 . 15) gives to the energy. We have used the function κ(r) for CW3 derived from the G3RS potential and calculated the expectation value for a threeparticle state described by the (0s) 3 harmonic oscillator wave function. The expectation value depends on the oscillator parameter ν = mω 2~. The expectation value is found to be small, only −0.074, −0.032 and −0.011 MeV for ν = 0.25, 0.20 and 0.15 fm −2 , respectively. Since t ijk is short-ranged, the probability that the three particles come close to each other within the effective range of t ijk is small. Thus we can conclude that the contribution of the T (3) term is in general small.
The next example is that of a dimer of identical rare-gas atoms interacting via the Morse potential,
This potential has a minimum of −V 0 at r = r m , and it is strongly repulsive at short distances, the height of the potential at the origin reaching typically 10 4 − 10 5 times V 0 . The ground-state wave function is locally peaked around the potential minimum.
As it is much more repulsive than the nuclear potential, the Morse potential for heavy atoms in particular represents a very challenging case. We have tested two choices, CW2 and CW3, as the repulsive potential W c (r). The choice of CW2 is defined similarly to that in the nuclear case. In the case of CW3, the potential U c (r) was set as follows: U c (r) = −V 0 for r ≤ r m and U c (r) = V c (r) for r > r m . The potential parameter values were taken from Ref. 25). Our result for Ne and Ar dimers is presented in Table III . We have found it very difficult to approximate the model wave function Φ in terms of a superposition of Gaussians, and for this reason, Φ was obtained by numerical integration. The ground-state energy and the rms radius agree well with those given in Ref. 25 ). The energy also agrees with a well-known Figure 5 compares the model wave function Φ with the exact wave function Ψ (CW0). It is seen that the amplitude of Φ is suppressed near the center, even in the case of the transcorrelated method with CW2, especially for the Ar dimer. In the present case, this amplitude is largest near the center in the case of CW3. It is thus expected that the choice of CW3 is more advantageous and useful for eliminating the strong repulsion between the Once the Jastrow correlation factor F is fixed, the equation of motion for the model wave function Φ is given by Eq. (2 . 5). Because H TC is not Hermitean,
is not bound, and the condition of energy minimization cannot be used to determine Φ. Therefore, we have to look for other principles to solve Eq. (2 . 5). This problem has been studied previously in a limited case, 18), 26) but at present, there exists no known general principle, to the best of our knowledge. Here we outline other possible methods to determine Φ.
Minimization of the variance of local energy
The minimization of the variance of the local energy may instead be used as follows. If the vector H TC Φ is proportional to Φ, then Φ is an eigenfunction of H TC , and the proportionality constant becomes an eigenvalue E. In this case, the problem is solved. In general, however, H TC Φ is not proportional to Φ, and therefore H TC Φ − EΦ can be regarded as an error, and E and Φ can be chosen to minimize this error. The principle of determining E and Φ would then be the minimization of the norm σ 2 of the residue function
that is,
This principle is the same as that of the minimization of the variance of the local energy, as proposed in Ref. 26) . By requiring the condition
we find (assuming that E is real) that E should be taken as
When E is chosen as above, the norm σ 2 becomes
The model wave function Φ can be chosen in several ways. One of the simplest choices most widely used is to approximate Φ by a single Slater determinant. This possibility has recently been used in Ref. 27 ). There, it is shown that a HartreeFock-type equation for the single-particle orbits results from the minimization of σ 2 . given in Eq. (4 . 3) by choosing a sufficient number of parameter sets a i and b i which follow a geometric progression. The bases Φ 1 , Φ 2 , · · · are determined by the above stochastic procedure from a pool of functions of the type given in (4 . 3). Here, a i and b i are generated randomly. Figure 6 shows the variation of σ 2 as dimension of the basis is increased for the three choices, CW1, CW3 and CW0, and Fig. 7 displays the variation of the corresponding energy and rms radius. Decreasing σ 2 to a small value, all the choices lead to the correct energy and rms radius. We thus conclude that the above stochastic optimization works well to determine the basis set effectively. Comparing the three cases, we see that the choice CW0 yields the slowest convergence. This indicates that the removal of the strong repulsion in CW1 and CW3 helps to accelerate the convergence.
As we see in Fig. 6 , the σ 2 value does not always decrease monotonically as the basis size is increased. It is possible to obtain a monotonic decrease by requiring an admittance test at step 4: Only if the minimum among the q values of σ 2 is smaller than the σ 2 value produced by the n elements is the element that gives the minimum accepted as Φ n+1 ; otherwise we repeat steps 1 to 4 until we find a successful candidate. Figure 8 displays a sample result of this extended optimization. The presence of the short-range repulsion in realistic nucleon-nucleon interactions is crucial to understand the saturation properties of nuclei, but it results in a very complicated ab initio calculation. We have considered the possibility of making use of the state-independent Jastrow correlation factor in order to eliminate the short-range repulsion. Assuming that the nuclear eigenstate is expressed in terms of the correlation factor multiplied by the model wave function, we have shown that an effective interaction acting in the space of the model wave functions can be derived using the transcorrelated method. This approach is different from the usual G-matrix theory, in which P and Q spaces are introduced. The effective interaction is energy independent, and it consists of only two-and three-body operators if the original interaction includes two-body potentials. One of the operators it contains is a non-Hermitean two-body operator, which we call the dilation potential. The three-body central potential induced by the transcorrelated method has been found to give only a vanishing contribution to the energy.
We have clarified the relationship between the effective interaction and the Jastrow correlation function. The correlation function is usually chosen so that the short-range repulsion is accounted for and the resulting model wave function contains very small high-momentum components. We have proposed two ways to choose the correlation function. Once the short-ranged, repulsive potential to be eliminated is specified, the correlation function and the effective interaction can be determined straightforwardly.
We have applied the present framework to the systems of two nucleons and two rare-gas atoms in order to illustrate its effectiveness. In these examples, the realistic two-nucleon central potential has a repulsion of about 1.8 GeV height in the triplet even channel, and the two atoms are assumed to interact via the Morse potential, which contains an extremely strong repulsion. In both cases, we have obtained correlation functions that yield model wave functions with significant amplitudes at short distances. It is thus confirmed that we can employ such effective interactions that contain no strong repulsion.
From the results obtained here, we find that the minimization of the norm of the residue function or the variance of the local energy appears to be a sound principle for solving the Schrödinger equation with non-Hermitean potentials. We have shown that this principle works well to optimize a trial function for the solution when it is assumed to be given as a combination of basis functions that contain variational parameters.
In order to apply the effective interaction developed here to nuclear structure calculations, a further study is needed to clarify the importance of the various terms in the transcorrelated Hamiltonian and to develop a method for calculating the matrix elements of physical operators.
